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We study in this paper preservation of dynamical and shape theoretical properties
under continuation for parametrized families of ﬂows. We show that, although attractors
continue, the same does not hold for non-saddle sets. However, when they continue, their
shape is preserved in quite general settings, which include differentiable families of ﬂows
and regular non-saddle sets for general ﬂows, not necessarily differentiable.
We also study how the continuation of a non-saddle set inﬂuences that of its dual non-
saddle set.
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1. Preliminaries
In this paper we study some dynamical and topological features of the continuations of non-saddle sets of ﬂows. This
family of invariant sets, which contains as subfamilies those of attractors and repellers of ﬂows, has many interesting
dynamical properties. Non-saddle sets are deﬁned as follows. An invariant set X of a ﬂow ϕ : M × R −→ M is a non-
saddle set if for every neighbourhood U of X there exists a neighbourhood V of X such that for every x ∈ V , γ +(x) =
ϕ({x} × [0,∞)) ⊂ U or γ −(x) = ϕ({x} × (−∞,0]) ⊂ U .
The topological structure of attractors and non-saddle sets has been characterized using tools and notions from topology
adequate to describe the global structure of spaces. The classical tools to make such a study came from homotopy theory,
which is specially well suited for spaces which are locally well behaved (like polyhedra, manifolds, . . .). However, in dynam-
ical systems, not only in a theoretical basis but also when describing natural phenomena of the real world, it is frequent
the appearance of spaces with very complicated local behaviour (Lorentz attractor is a well-known example, solenoids too).
When dealing with this spaces, homotopy theory is no longer completely satisfactory. The appropriate tool in this case is
shape theory, which was introduced by K. Borsuk [4] in order to study geometric properties of compact metric spaces with
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polyhedra have the same shape if and only if they are homotopically equivalent).
One of the milestones of the application of shape theory to dynamical systems is the fact that every (asymptotically
stable) attractor of a ﬂow in a locally compact ANR (in particular in a manifold) has the shape of a (ﬁnite) polyhedron.
This important property has been formulated in [3,14,19] at various levels of generality (see also [12,20,22] for other related
results).
The family of non-saddle sets shares this property with the family of attractors. In fact, in [13] it was proved that a
ﬁnite-dimensional compactum can be an isolated non-saddle set of a continuous ﬂow on a manifold if and only if it has the
shape of a ﬁnite polyhedron. A similar characterization had been previously proved in [14] for attractors.
In this paper, we deal with parametrized families of ﬂows and some results of dynamical and topological robustness of
continuations of isolated invariant sets, as introduced by C.C. Conley. Roughly speaking, a continuation is a family of isolated
invariant sets which share isolating neighbourhoods for close values of the parameter. A property of an isolated invariant
set is robust if it is transmitted to the near sets of the continuation. It is known that the property of being an attractor is
robust.
In the ﬁrst part of the paper, we answer, in the negative, the analog question for the property of being a non-saddle set.
However, when a non-saddle set has a (local) continuation made of non-saddle sets, then this continuation is also robust in
a shape theoretical sense, in quite general settings. We prove ﬁrst that for differentiable families of ﬂows, if a non-saddle
set continues (locally) as a family of non-saddle sets, then, for close values of the parameter, they have its same shape.
We prove next that the shape is preserved for general ﬂows, not necessarily differentiable, under the assumption that the
non-saddle set is regular, where a non-saddle set is regular if it has an isolating neighbourhood N with the property that
orbits which leave N never return. In all cases the non-saddle set has to be connected. We show examples of the necessity
of this condition.
The last part of the paper deals with the notion of dual set of a non-saddle set. This notion, introduced in [13], generalizes
that of an attractor-repeller pair, widely studied in the literature. Every regular isolated non-saddle set of a ﬂow in a compact
metric space has a dual set, which is also a regular isolated non-saddle set. We prove that, for connected non-saddle sets
with connected dual set, the continuation of the former implies the continuation of the latter. This result, together with the
results of the previous section implies, in all cases, the preservation of the shape.
For information about the basic results of shape theory and algebraic topology we recommend the books [4,8,9,11,15,16]
(see [18] for an introduction to the theory of shape). For the notions and results from the Conley index theory we recom-
mend [5,6,10] and for the general theory of dynamical systems we recommend the book [2].
2. Shape preservation and continuation of non-saddle sets
Let X be a locally compact and locally connected metric space and let ϕλ : X × R −→ X be a parametrized family of
ﬂows (parametrized by λ ∈ I , the unit interval), such that Φ : X × I × R −→ X × I , given by Φ(x, λ, t) = (ϕλ(x, t), λ), is a
ﬂow in X × I . Let K0 ⊂ X be an isolated invariant set for ϕ0 and K1 ⊂ X an isolated invariant set for ϕ1. We say that
K0 and K1 are related by continuation if there is an isolated invariant set K ⊂ X × I for Φ such that K0 = K ∩ (X × {0})
and K1 = K ∩ (X × {1}). This is equivalent to the following: K0 and K1 are related by continuation if there is a family Kλ ,
λ ∈ [0,1], with Kλ an isolated invariant set for ϕλ , such that, if Nλ0 is an isolating neighbourhood for Kλ0 then there exists
δ > 0 such that Nλ0 is an isolating neighbourhood for Kλ , for every λ ∈ (λ0 − δ,λ0 + δ) ∩ [0,1].
There is a simpler deﬁnition of continuation based on Lemma 6.2 in [17]. There, it is proved that if ϕλ : X ×R −→ X is a
parametrized family of ﬂows and if N1 and N2 are isolating neighbourhoods of the same isolated invariant set for ϕλ0 , then
there exists δ > 0 such that N1 and N2 are isolating neighbourhoods for ϕλ , for every λ ∈ (λ0 − δ,λ0 + δ) ∩ [0,1], with the
property that, for every λ, the isolated invariant subsets in N1 and N2 which have N1 and N2 as isolating neighbourhoods
agree.
Therefore, K0 and K1 are related by continuation if there is a family Kλ , λ ∈ [0,1], with Kλ an isolated invariant set
for ϕλ , such that, for every λ0 there are an isolating neighbourhood Nλ0 for Kλ0 and a δ > 0 such that Nλ0 is an isolating
neighbourhood for Kλ , for every λ ∈ (λ0 − δ,λ0 + δ) ∩ [0,1].
It is known that if K0 is an attractor, then there exists a δ > 0 such that Kλ is an attractor, for every λ < δ.
We may ask if this robustness property of attractors also holds for non-saddle sets, i.e., if K0 is an non-saddle set, then
there exists a δ > 0 such that Kλ is a non-saddle set, for every λ < δ?
The answer is negative, even for connected non-saddle sets, as shown in the following example.
Example 1. Consider the family of ﬂows in the plane given by the following ﬁgures (see Fig. 1), where for every λ ∈ [0,1],
Kλ is an arc of length equal to 2π − λπ .
Then {Kλ} is a continuation of isolated invariant sets but, while K0 is a non-saddle set, all the Kλ with λ > 0 are saddle
sets.
In the following deﬁnitions we introduce some notions of dynamical and topological robustness for isolated non-saddle
sets and for isolated invariant sets in general.
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Deﬁnition 2. Suppose ϕλ : M × R −→ M is a parametrized family of ﬂows (parametrized by λ ∈ I , the unit interval) in
a locally compact ANR, M , and suppose that K0 is an isolated non-saddle set for ϕ0. We say that K0 is dynamically robust if
for every isolating neighbourhood N of K0 there exists δ > 0 such that, for every λ ∈ [0, δ), the isolated invariant subset of
N (with respect to the ﬂow ϕλ) which has N as an isolating neighbourhood is a (non-empty) non-saddle set.
By the above mentioned Lemma 6.2 in [17], we have that K0 is dynamically robust if and only if there exist an isolating
neighbourhood N of K0 and a δ > 0 such that, for every λ ∈ [0, δ), the isolated invariant subset of N (with respect to the
ﬂow ϕλ) which has N as an isolating neighbourhood is a (non-empty) non-saddle set.
Deﬁnition 3. Suppose ϕλ : M × R −→ M is a parametrized family of ﬂows (parametrized by λ ∈ I , the unit interval) in
a locally compact ANR, M , and suppose that K0 is an isolated invariant set for ϕ0. We say that K0 is topologically robust
if for every isolating neighbourhood N of K0 there exists δ > 0 such that, for every λ ∈ [0, δ), the isolated invariant subset
of N (with respect to the ﬂow ϕλ) which has N as an isolating neighbourhood has the same shape as K0.
By the above mentioned Lemma 6.2 in [17], we have that K0 is topologically robust if and only if there exist an isolating
neighbourhood N of K0 and a δ > 0 such that, for every λ ∈ [0, δ), the isolated invariant subset of N (with respect to the
ﬂow ϕλ) which has N as an isolating neighbourhood has the same shape as K0.
Note that when a non-saddle set is dynamically robust, this fact implies the existence of a (local) continuation made
of non-saddle sets. On the other hand, if an isolated invariant set is topologically robust, then it has a (local) continuation
whose members have the same shape.
It is easy to see that if we merely work with isolated invariant sets (without restrictions) the topological robustness does
not, in general, hold. For instance, we may have, as in Example 1, a connected invariant set with the homotopy type and
the shape of a circumference which continues into connected contractible invariant sets. The following example shows that
we may even have that the property of having polyhedral shape may not be preserved.
Example 4. We consider a family ϕλ : R4 ×R −→ R4 (λ ∈ I) of ﬂows in R4 such that, for every λ ∈ I , the ﬂow is transversal
to a 3-dimensional hyperplane, and there is a compact invariant set {Kλ} contained in that hyperplane, as shown in the
following ﬁgure (see Fig. 2).
Then {Kλ} is a continuation of isolated invariant sets but, while K0 has the shape of a point, all the Kλ with λ > 0 are
solenoids with non-polyhedral shape.
The following theorems state that the dynamical robustness of non-saddle sets implies the topological robustness, in
quite general settings.
We consider ﬁrst a parametrized differentiable family ϕλ : M×R −→ M of ﬂows (parametrized by λ ∈ I , the unit interval)
in an n-manifold, M , where a family ϕλ : M × R −→ M of ﬂows is a parametrized differentiable family if the map ϕ :
M ×R× I −→ M , given by ϕ(x, t, λ) = ϕλ(x, t), is differentiable.
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Theorem 5. Let ϕλ : M × R −→ M be a parametrized differentiable family of ﬂows (parametrized by λ ∈ I , the unit interval) in an
n-manifold, M, and let K0 be a connected isolated non-saddle set for ϕ0 .
If K0 is dynamically robust, then K0 is topologically robust.
Proof. Consider a connected isolating block (N,n+,n−) of K0 (see [7]) where N is a connected compact isolating neigh-
bourhood of K0 and n+ and n− are compact sets such that n+ ∪ n− ⊂ N , satisfying the following properties:
(1) ∂N = n+ ∪ n− , where n+ and n− are smooth compact (n − 1)-manifolds with common boundary n+ ∩ n− , which is a
smooth compact (n − 2)-manifold without boundary,
(2) for every x ∈ n+ there exists ε > 0 such that ϕ0({x}× [−ε,0)) ⊂ M \N and for every y ∈ n− there exists ε > 0 such that
ϕ0({y} × (0, ε]) ⊂ M \ N , and, moreover, the ﬂow is transverse into N in n+ \ n− and transverse out of N in n− \ n+ ,
(3) for every x ∈ n− \ n+ there exists ε > 0 such that ϕ0({x} × [−ε,0)) ⊂ intN and for every y ∈ n+ \ n− there exists ε > 0
such that ϕ0({y} × (0, ε]) ⊂ intN , and, moreover, in n+ ∩ n− , the ﬂow is externally tangent to N .
Since K0 is a connected non-saddle set, there exists another connected neighbourhood U ⊂ N of K0, with the property that
for every x ∈ U at least one of the semi-orbits γ +(x) or γ −(x) is contained in N . Deﬁne N+ = {x ∈ N | γ +(x) ⊂ N} and
N− = {x ∈ N | γ −(x) ⊂ N}.
Observe that U ⊂ N+ ∪ N− . Hence N+ ∪ N− 	= ∅. We see now that N+ ∪ N− = N . Since N is connected, it is enough to
prove that N+ ∪ N− is open and closed in N .
Consider x0 ∈ N \ (N+ ∪ N−). Then there exist t1 < 0< t2 such that ϕ0(x0, t1) ∈ M \ N and ϕ0(x0, t2) ∈ M \ N . Then there
exists a neighbourhood Ux0 of x0 in M such that for every x ∈ Ux0 , ϕ0(x, t1) ∈ M \ N and ϕ0(x, t2) ∈ M \ N , and, hence,
x /∈ N+ ∪ N− . Therefore N+ ∪ N− is closed in N .
In order to prove that N+ ∪ N− is open in N , suppose that there exists a sequence {xn} ⊂ N \ (N+ ∪ N−) such that
xn → x0 ∈ N+ ∪ N− . Then there exist sequences {tn1}, {tn2}, tn1 < 0 < tn2 such that ϕ0(xn, tn1) ∈ n+ and ϕ0(xn, tn2) ∈ n− . On the
other hand, since x0 ∈ N+ ∪ N− , then γ +(x0) or γ −(x0) is contained in N . We may suppose that γ +(x0) ⊂ N . Then there
exists t0 > 0 such that ϕ0(x0, t0) ∈ U . Since xn → x0, there exists n0 such that, for every n  n0, ϕ0(xn, t0) ∈ U and hence
γ +(ϕ0(xn, t0)) or γ −(ϕ0(xn, t0)) is contained in N . Now, since t0 > 0> tn1 and ϕ0(xn, tn1) ∈ n+ , γ −(ϕ0(xn, t0)) 	⊂ N . Therefore,
γ +(ϕ0(xn, t0)) ⊂ N , for every n  n0. Then we have that 0 < tn2 < t0 for every n  n0, hence there is a subsequence of {tn2}
(which we may suppose to be the whole sequence) convergent to some t2 with 0 t2  t0. But then ϕ0(xn, tn2) converges
to ϕ0(x0, t2) and, therefore, ϕ0(x0, t2) ∈ n− , which is a contradiction, since γ +(x0) ⊂ N . Therefore N+ ∪ N− is open in N .
Now, N = N+ ∪ N− implies that n+ ∩ n− = ∅, since if x ∈ n+ ∩ n− , then there exists ε > 0 such that ϕ0({x} × [−ε,0)) ⊂
M \ N and ϕ0({x} × (0, ε]) ⊂ M \ N , and hence, γ +(x) 	⊂ N , γ −(x) 	⊂ N and x /∈ N+ ∪ N− .
Therefore, by the previous considerations, N satisﬁes:
(1′) ∂N = n+ ∪ n− , where n+ and n− are smooth compact (n − 1)-manifolds with common boundary n+ ∩ n− = ∅, i. e. n+
and n− are smooth compact (n − 1)-manifolds without boundary,
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ﬂow is transverse to n+ ,
(3′) for every x ∈ n− there exists ε > 0 such that ϕ0({x} × (0, ε]) ⊂ M \ N and ϕ0({x} × [−ε,0)) ⊂ intN , and, moreover, the
ﬂow is transverse to n− .
Since K0 is dynamically robust, there exists a δ′ > 0 such that, for every λ ∈ [0, δ′), if Kλ has N as an isolating neighbourhood
(with respect to the ﬂow ϕλ), then Kλ is a (non-empty) non-saddle set.
We see now that the properties (2′) and (3′) still hold for ϕλ , for every λ ∈ [0, δ) for some 0< δ  δ′ .
For every x ∈ n+ , by (2′) and since the ﬂow is transverse to n+ , there exists εx > 0, δx > 0 and a neighbourhood Ux of x
such that ϕλ({y}× [−εx,0)) ⊂ M \N and ϕλ({y}× (0, εx]) ⊂ intN , for every y ∈ Ux ∩n+ and every λ ∈ [0, δx) and, moreover,
the ﬂow ϕλ is transverse in y to n+ . Since n+ is compact, there exists {x1, x2, . . . , xk} such that n+ ⊂ Ux1 ∪ Ux2 ∪ . . . ∪ Uxk .
Taking ε1 = min{εx1 , εx2 , . . . , εxk } and δ1 = min{δx1 , δx2 , . . . , δxk }, then for every λ ∈ [0, δ1) and every y ∈ n+ we have that
ϕλ({y} × [−ε1,0)) ⊂ M \ N and ϕλ({y} × (0, ε1]) ⊂ intN , and, moreover, the ﬂow ϕλ is transverse in y to n+ . Analogously,
by (3′), there exist ε2 > 0 and δ2 > 0 such that for every λ ∈ [0, δ2) and every y ∈ n− we have that ϕλ({y}× (0, ε2]) ⊂ M \ N
and ϕλ({y} × [−ε2,0)) ⊂ intN , and, moreover, the ﬂow ϕλ is transverse in y to n− .
Taking δ = min{δ1, δ2, δ′} and ε = min{ε1, ε2}, we have that, for every λ ∈ [0, δ):
(1′′) ∂N = n+ ∪ n− , where n+ and n− are smooth compact (n − 1)-manifolds with common boundary n+ ∩ n− = ∅, i. e. n+
and n− are smooth compact (n − 1)-manifolds without boundary,
(2′′) for every x ∈ n+ , ϕλ({x}× [−ε,0)) ⊂ M \ N and ϕλ({x}× (0, ε]) ⊂ intN , and, moreover, the ﬂow ϕλ is transverse to n+ ,
(3′′) for every x ∈ n− , ϕλ({x}× (0, ε]) ⊂ M \ N and ϕλ({x}× [−ε,0)) ⊂ intN , and, moreover, the ﬂow ϕλ is transverse to n− .
These properties imply, as it happened for ϕ0, that, for every λ ∈ [0, δ), N decomposes as N = N+λ ∪ N+λ , where N+λ = {x ∈
N | γ +(x) ⊂ N} and N−λ = {x ∈ N | γ −(x) ⊂ N}.
In particular, this implies that ϕλ({x} × (0,∞)) ⊂ intN for every x ∈ n+ , and ϕλ({x} × (−∞,0)) ⊂ intN , for every x ∈ n− .
In the rest of the proof we show how these facts can be applied to prove that Sh(Kλ) = Sh(K0) = Sh(N), for every
λ ∈ [0, δ), showing therefore that K0 is topologically robust.
Consider any λ ∈ [0, δ). N decomposes as N = N+λ ∪ N−λ , where N+λ ⊃ n+ , N−λ ⊃ n− , and N+λ and N−λ are connected
compact sets such that N+λ ∩ N−λ = Kλ . Moreover, N+λ = ϕλ(n+ × [0,∞)) ∪ Kλ and N−λ = ϕλ(n− × (−∞,0]) ∪ Kλ .
Consider, for every k ∈ N∪ {0}, N+
λ,k = ϕλ(n+ × [k,∞)), N−λ,k = ϕλ(n− × (−∞,−k]) and Nλ,k = N+λ,k ∪ N−λ,k ∪ Kλ .
We see ﬁrst that the sets Nλ,k form a neighbourhood basis of Kλ in M . The fact that they are neighbourhoods of Kλ
is a consequence of Kλ and ϕλ(n+ × [0,k]) ∪ ϕλ(n− × [−k,0]) being disjoint compact sets. To see that they form a basis,
consider any arbitrary open neighbourhood W of Kλ with its closure contained in the interior of N and suppose that there
exists a sequence of points {xn} ⊂ n+ , xn → x0 ∈ n+ , and a strictly increasing sequence {kn} ⊂ N such that ϕλ(xn,kn) /∈ W
and ϕλ(xn,kn) → y0 ∈ N \ W . But this is a contradiction, since y0 is an element of the ﬁrst positive prolongational limit set
J+(x0) of x0 which is an invariant set contained in N and hence in Kλ (the ﬁrst positive prolongational limit of x0 is the set
J+(x0) of the points y ∈ M such that there is a sequence {xn} in M and a sequence {tn} in R+ such that xn → x0, tn → ∞
and π(xn, tn) → y). A similar situation happens if {xn} ⊂ n− .
We now construct a strong deformation retraction θ : Nλ,k × [0,1] −→ Nλ,k , from Nλ,k to Nλ,k+1, in the following way:
If x ∈ Nλ,k+1 we deﬁne θ(x, s) = x for every s ∈ [0,1]. On the other hand, if x ∈ Nλ,k \ Nλ,k+1 then, either there exists a
(unique) x+ ∈ n+ and a t ∈ [0,1) such that ϕλ(x+,k + t) = x or there exists a (unique) x− ∈ n− and a t ∈ (−1,0] such that
ϕλ(x−,−k − t) = x, but not both. Then, we deﬁne
θ(x, s) =
⎧⎪⎪⎨
⎪⎪⎩
x if x = ϕλ(x+,k + t), x+ ∈ n+, t  s,
x if x = ϕλ(x−,−k − t), x− ∈ n−, t  s,
ϕλ(x+,k + s) if x = ϕλ(x+,k + t), x+ ∈ n+, 0 t  s,
ϕλ(x−,−k − s) if x = ϕλ(x−,−k − t), x− ∈ n−, 0 t  s,
for every s ∈ [0,1].
Since the sets Nλ,k form a neighbourhood basis of Kλ in M , it is now straightforward to see that Kλ is a strong shape
deformation retract of N = Nλ,0. Therefore Kλ has the shape of N . This ends the proof of the theorem. 
In order to obtain a topological result (without differentiable hypothesis) we need to impose an additional condition on
the non-saddle sets. This condition, called regularity, is related to the way the orbits behave in the boundary of the isolating
neighbourhood. It was introduced in [21].
Deﬁnition 6. Let ϕλ : M ×R −→ M be a ﬂow in a locally compact ANR, M . An isolated invariant set S is regular if there is
an isolating neighbourhood N such that if x ∈ N , t  0 and ϕ(x, t) ∈ N then ϕ({x} × [0, t]) ⊂ N . This is equivalent to saying
that orbits which leave N never return. We say then that N is a regular isolating neighbourhood for S .
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sets. This condition will guarantee that the shape is preserved along the continuation.
Deﬁnition 7. Suppose ϕλ : M × R −→ M is a parametrized family of ﬂows (parametrized by λ ∈ I , the unit interval) in a
locally compact ANR, M , and suppose that K0 is an isolated regular non-saddle set for ϕ0. We say that K0 is regularly
dynamically robust if for every isolating neighbourhood N of K0 there exists δ > 0 such that, for every λ ∈ [0, δ), the isolated
invariant subset of N (with respect to the ﬂow ϕλ) which has N as an isolating neighbourhood is a (non-empty) regular
non-saddle set and, moreover, all the Kλ (0 λ < δ) admit a common regular isolating neighbourhood.
By the above mentioned Lemma 6.2 in [17], we have that K0 is regularly dynamically robust if and only if there exist
an isolating neighbourhood N of K0 and a δ > 0 such that, for every λ ∈ [0, δ), the isolated invariant subset of N (with
respect to the ﬂow ϕλ) which has N as an isolating neighbourhood is a (non-empty) regular non-saddle set and, moreover,
all the Kλ (0 λ < δ) admit a common regular isolating neighbourhood.
We can even state that K0 is regularly dynamically robust if and only if there exist a regular isolating neighbourhood N
of K0 and a δ > 0 such that, for every λ ∈ [0, δ), the isolated invariant subset of N (with respect to the ﬂow ϕλ) which has
N as an isolating neighbourhood is a (non-empty) regular non-saddle set with N as a regular isolating neighbourhood.
In the following theorem we prove that, when a (local) continuation of regular non-saddles sets share a common regular
neighbourhood, then they have the same shape.
Theorem 8. Let ϕλ : M × R −→ M be a parametrized family of ﬂows (parametrized by λ ∈ I , the unit interval) in a locally com-
pact ANR, M, and let K0 be a connected isolated invariant regular non-saddle set for ϕ0 .
If K0 is regularly dynamically robust, then K0 is topologically robust.
Proof. Since K0 is regularly dynamically robust, there exist a regular isolating neighbourhood N of K0 and a δ > 0 such
that, for every λ ∈ [0, δ), if Kλ has N as an isolating neighbourhood (with respect to the ﬂow ϕλ), then Kλ is a (non-empty)
regular non-saddle set with N as a regular isolating neighbourhood. Consider any λ ∈ [0, δ).
Consider N+λ = {x ∈ N | γ +(x) ⊂ N} and N−λ = {x ∈ N | γ −(x) ⊂ N}. Observe that N+λ and N−λ are connected compact sets
such that N+λ ∩ N−λ = Kλ . We see now that N+λ ∪ N−λ = N .
Since Nλ is connected and N
+
λ ∪ N−λ 	= ∅, it is enough to prove that N+λ ∪ N−λ is open and closed in N .
Consider x0 ∈ N \(N+λ ∪N−λ ). Then there exist t1 < 0< t2 such that ϕλ(x0, t1) ∈ M \N and ϕλ(x0, t2) ∈ M \N . By continuity,
there exists a neighbourhood Ux0 of x0 in M such that for every x ∈ Ux0 , ϕλ(x, t1) ∈ M \N and ϕλ(x, t2) ∈ M \N , and, hence,
x /∈ N+λ ∪ N−λ . Therefore N+λ ∪ N−λ is closed in N .
In order to prove that N+λ ∪ N−λ is open in N , consider a neighbourhood U ⊂ N of Kλ with the property that for
every x ∈ U at least one of the semi-orbits γ +(x) or γ −(x) is contained in N (for Kλ non-saddle). Suppose that there
exists a sequence {xn} ⊂ N \ (N+λ ∪ N−λ ) such that xn → x0 ∈ N+λ ∪ N−λ . Then there exist sequences {tn1}, {tn2}, tn1 < 0 < tn2
such that ϕλ(xn, tn1),ϕλ(xn, t
n
2) ∈ M \ N . On the other hand, since x0 ∈ N+λ ∪ N−λ , then γ +(x0) or γ −(x0) is contained in N .
We may suppose that γ +(x0) ⊂ N . Then there exists t0 > 0 such that ϕλ(x0, t0) ∈ U . Since xn → x0, there exists n0 ∈ N
such that ϕλ(xn0 , t0) ∈ U and hence γ +(ϕλ(xn0 , t0)) or γ −(ϕλ(xn0 , t0)) is contained in N . Now, since t0 > 0 > tn01 and
ϕλ(xn0 , t
n0
1 ) ∈ M \ N , γ −(ϕλ(xn0 , t0)) 	⊂ N . Therefore, γ +(ϕλ(xn0 , t0)) ⊂ N . Then we have that 0< tn02 < t0. But then, xn0 ∈ N ,
ϕλ(xn0 , t0) ∈ N but ϕλ({xn0 }× [0, t0] 	⊂ N which is a contradiction with the regularity of N . Therefore N+λ ∪ N−λ is open in N .
In the rest of the proof we show how the fact that N+λ ∪ N−λ = N can be applied to prove that Sh(Kλ) = Sh(N), for every
λ ∈ [0, δ), showing therefore that K0 is topologically robust.
Consider λ ∈ [0, δ). In this case, we can not construct directly a strong shape deformation retraction from N to K as in
the previous theorem. By a theorem of A. Beck [1], ϕ can be modiﬁed to a new ﬂow ϕ′ in such a way that all the orbits of ϕ
outside of Kλ are preserved in ϕ′ , while the points in Kλ are now all ﬁxed points for ϕ′ . Then Kλ is an isolated non-saddle
set for the ﬂow ϕ′ and N is regular neighbourhood of Kλ with the same sets N+λ and N
−
λ .
We now consider the sequence of maps r¯ = {rn : N −→ N} given by rn(x) = ϕ′(x,n) if x ∈ N+λ and rn(x) = ϕ′(x,−n) if
x ∈ N−λ . Then r¯ is an approximative sequence (see [4]) from N to Kλ , since for every neighbourhood V of Kλ there exists
n ∈ N such that rn(N) ⊂ V and, moreover, rn and rn+1 are homotopic in V (H : N×[0,1] −→ V given by H(x, t) = ϕ′(x,n+t)
if x ∈ N+λ and H(x, t) = ϕ′(x,−n − t) if x ∈ N−λ is a homotopy between them). Moreover, r¯ is a strong shape deformation
retraction from N to Kλ . This is a consequence of the facts that r¯ is homotopic to the approximative map i¯N = {iN : N −→ N}
from N to itself induced by the identity, and that all the rn restricted to Kλ are the identity. Therefore, r¯ is a shape
equivalence between N and Kλ . Hence N and Kλ have the same shape. 
The condition that K0 is a connected non-saddle set is necessary, as the following simple example shows.
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Then K0 = {a, c} is a non-saddle set regularly dynamically robust but not topologically robust.
3. Duality
In this last section we focus on the regular case and study the relationship between the regular dynamical robustness of
a non-saddle set and that of its dual set. The notion of dual set of a non-saddle set was introduced in [13], and generalizes
that of an attractor-repeller pair. Its deﬁnition is as follows.
Deﬁnition 10. Let K be a regular isolated non-saddle set of the ﬂow ϕ : M ×R −→ M , where M is a compact metric space.
Let K ′ be the set of all points x ∈ M such that ω+(x) 	⊂ K and ω−(x) 	⊂ K . Then K ′ is also a regular isolated non-saddle set
called the dual of K (see [13]). Moreover, K ′ is nonempty whenever K 	= M .
In the last result of the paper, we show that for connected regular non-saddle sets with connected dual set, the regular
dynamical robustness of the former implies the regular dynamical robustness of the latter. Moreover, the local continuation
of non-saddle sets which materialize the robustness of the dual set is formed by the dual sets of the local continuation of
non-saddle sets which materialize the robustness of the ﬁrst non-saddle set.
Theorem 11. Suppose ϕλ : M × R −→ M is a parametrized family of ﬂows (parametrized by λ ∈ I , the unit interval) in a compact
metric space, M, and suppose that K0 is a regular non-saddle connected set such that its dual non-saddle set K ′0 is connected and
non-empty.
Suppose, moreover, that K0 is regularly dynamically robust and, hence, topologically robust.
Then K ′0 is also regularly dynamically robust and, hence, topologically robust.
Moreover, if {Kλ}λ∈[0,δ) is a family of regular non-saddle sets (with respect to the ﬂows {ϕλ}λ∈[0,δ))with a common regular isolating
neighbourhood, then the family {K ′λ}λ∈[0,δ) of its dual sets also share a common regular isolating neighbourhood and, hence, is a local
continuation of K ′0 .
Proof. Since K0 is regularly dynamically robust, there exist a regular isolating neighbourhood N of K0 and a δ > 0 such
that, for every λ ∈ [0, δ), if Kλ has N as an isolating neighbourhood (with respect to the ﬂow ϕλ), then Kλ is a (non-empty)
regular non-saddle set with N as a regular isolating neighbourhood. Consider any λ ∈ [0, δ).
In [13] it was proved that the {K ′λ} are regular non-saddle sets. We see now that if we consider N ′ = M \ N , then N ′ is a
common regular isolating neighbourhood for K ′λ for every λ ∈ [0, δ). This will imply that K ′0 is regularly dynamically robust
and, hence, topologically robust.
Since N is a regular isolating neighbourhood of Kλ we know, by the proof of the previous theorem, that N = N+λ ∪ N−λ ,
where N+λ = {x ∈ N | γ +(x) ⊂ N} and N−λ = {x ∈ N | γ −(x) ⊂ N} are connected compact sets such that N+λ ∩ N−λ = Kλ . This
implies that, for all x ∈ N , ω+(x) ⊂ Kλ or ω−(x) ⊂ Kλ . Therefore N ∩ K ′λ = ∅ and, hence K ′λ ⊂ M \ N (which is an open set)
and N ′ = M \ N is a neighbourhood of K ′λ .
Now, since the only invariant sets for ϕλ are, by the deﬁnition of duality, Kλ , K ′λ and orbits connecting them, K ′λ is the
maximal invariant set contained in N ′ .
Finally, we see that N ′ is regular. Suppose it is not. Then there exist x ∈ N ′ and 0 < t1 < t2 such that ϕλ(x, t1) /∈ N ′
(hence ϕλ(x, t1) ∈ intN) and ϕλ(x, t2) ∈ N ′ . Since ϕλ(x, t1) /∈ N ′ , then x /∈ K ′λ , hence ω+(x) ⊂ Kλ or ω−(x) ⊂ Kλ . Suppose that
ω+(x) ⊂ Kλ . Then there exist t3 > t2 such that ϕλ(x, t3) ∈ intN . Then, since ϕλ(x, t1) ∈ N , we have that ϕλ(x, t2) ∈ N and
since it is also in N ′ , then ϕλ(x, t2) ∈ N ∩ N ′ = ∂N . But then, x satisﬁes that ϕλ(x, t1) ∈ intN , ϕλ(x, t2) ∈ ∂N , ϕλ(x, t3) ∈ intN ,
with t1 < t2 < t3. By the continuity of the ﬂow, this implies the existence of some point y ∈ M \ N and t′ < 0< t′′ such that
ϕλ(y, t′) ∈ intN and ϕλ(y, t′′) ∈ intN . This is a contradiction with the regularity of N . Therefore N ′ is a regular isolating
neighbourhood for all ϕλ , for every 0 λ < δ.
We have proved that K ′0 is regularly dynamically robust and, hence, topologically robust. The last statement of the
theorem is a consequence of the fact that the above argumentation is valid for any family {Kλ}λ∈[0,δ) of regular non-saddle
sets with a common regular isolating neighbourhood. 
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